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Abstract. We consider manifolds endowed with metric contact pairs for which the two 
characteristic foliations are orthogonal. We give some properties of the curvature tensor 
and in particular a formula for the Ricci curvature in the direction of the sum of the two 
Reeb vector fields. This shows that metrics associated to normal contact pairs cannot be 
flat. Therefore flat non-Kahler Vaisman manifolds do not exist. Furthermore we give a 
local classification of metric contact pair manifolds whose curvature vanishes on the vertical 
subbundle. As a corollary we have that flat associated metrics can only exist if the leaves 
of the characteristic foliations arc at most three-dimensional. 



1. Introduction 

A contact pair on a smooth even- dimensional manifold M is a pair of one-forms a\ and a 2 
of constant and complementary classes, for which cti restricted to the leaves of the charac- 
teristic foliation of a 2 is a contact form and vice versa [21 E] • The Reeb vector fields on these 
contact leaves determine two global vector fields Z\ and Z 2 called the Reeb vector fields of 
the pair. This notion was first introduced by Blair, Ludden and Yano [H] under the name 
bicontact in the context of Hermitian geometry, and further studied by Abe pp. 

In [SI [8] the first and the third authors constructed metrics adapted to contact pairs as 
in metric contact geometry. More precisely, a metric contact pair on an even dimensional 
manifold is a triple (ai,a 2 ,g), where (ai,a 2 ) is a contact pair with Reeb vector fields Z 1 , 
Z 2 , and g is an associated metric, i.e. a Riemannian metric such that g(X, Z^) = ai(X), 
for i = 1,2, and for which the endomorphism field 0, uniquely defined by g(X,<j)Y) = 
(dai + da 2 )(X, Y), satisfies 

4> 2 = -Id + «! <g) Z 1 + ct 2 ® Z 2 . 

Contact pairs always admit associated metrics for which the two characteristic foliations 
are orthogonal [6] or, equivalently, whose structure tensor (f> is decomposable (i.e. <p preserves 
the characteristic distributions of a>i and a 2 ). 

In this paper we prove the following classification theorem which is analogous to that of 
the second author [T2] concerning metric contact manifolds with curvature vanishing on the 
vertical subbundle: 

Main Theorem. Let M be a (2h + 2k + 2) -dimensional manifold endowed with a metric 
contact pair (ai, a 2 , <p, g) of type (h, k) (with h > 1 ) and decomposable <fi. If the curvature R 
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of the metric g satisfies Rxy Zi = (i = 1,2), then M is locally isometric to K h+1 x §> h (4) x 
E fc+i x §fc( 4 j if k >1 or E h+1 x § ft (4) xE 1 if k = 0. 

If the manifold is complete, then its Riemannian universal covering is globally isometric 
to E h+1 x S h (4) x E fc+1 x § fc (4) if k > 1 or E h+1 x § h (4) x E 1 if k = 0. In this statement 
we will understand that when h (or k) is equal to 1, the § h (4) factor will just contribute 
another line to the Euclidean factor. 

As a corollary we obtain that the only manifolds which can carry flat metric contact pairs 
are either four or six-dimensional with metric contact pairs of type (1, 0) or (1, 1) respectively. 
We also prove several formulae concerning the curvature tensor and the Ricci curvature of 
a metric associated to a contact pair with decomposable <fi. In particular, we show that, 
on a 2n-dimensional manifold endowed with such a structure, the Ricci curvature of the 
associated metric in the direction of the vector field Z = Z\ + Z 2 is n — 1 — \ Tr h 2 , where 
h = \Cz4> and Cz is the Lie derivative along Z. 

An immediate consequence is the non-existence of flat metrics associated to normal con- 
tact pairs with decomposable endomorphism. This implies that the metric of a non-Kahler 
Vaisman structure on a smooth manifold cannot be flat. This is interesting since the prop- 
erty is local; until now this result was well known only for closed manifolds (see pj5] and [I~6| 
Proposition 2.5]). 

In the sequel we denote by T(B) the space of sections of a vector bundle B, by Tr the 
trace of an endomorphism field, and by V the Levi-Civita connection of a given metric. All 
the differential objects considered are assumed to be smooth. 

2. Preliminaries on metric contact pairs 

In this section we gather the notions concerning contact pairs that will be needed in the 
sequel. We refer the reader to [31 HI El El El El E] for further informations and several examples 
of such structures. 

2.1. Contact pairs. A pair (ai, ct 2 ) of 1-forms on a manifold is said to be a contact pair of 
type (h,k) if (see (21 E]): 

q;i A (dai) h Aa 2 A (da 2 ) k is a volume form, 
(dai) h+1 = and (da 2 ) k+1 = 0. 

Since the form ai (respectively a 2 ) has constant class 2h + 1 (respectively 2k + 1), the 
distribution Kerc^ R Ker dct\ (respectively Kera 2 D Ker da 2 ) is completely integrable and 
then it determines the so-called characteristic foliation T\ (respectively T-f) whose leaves are 
endowed with a contact form induced by a 2 (respectively 
The equations 

ai(Zi) = a 2 (Z 2 ) = 1, ai(Z 2 ) = a 2 (Zi) = , 
%z x da.\ = %z x da 2 = iz 2 da\ = iz 2 da 2 = , 

where %x is the contraction with the vector field X, determine uniquely the two vector fields 
Zi and Z 2 , called Reeb vector fields. Since they commute [21 E], they give rise to a locally 
free R 2 -action, called the Reeb action. 

The tangent bundle of a manifold M endowed with a contact pair can be split in different 
ways. For i = 1,2, let TJ-{ be the subbundle determined by the characteristic foliation of ctj, 
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TQi the subbundle of TM whose fibers are given by kerdai Piker ot.\ fl kera 2 and RZx 1 RZ 2 
the line bundles determined by the Reeb vector fields. Then we have the following splittings: 

TM = T7 X © T7 2 = TQ X © TQ 2 © V, 

where V = RZ X © RZ 2 . Moreover we have TT X = TQ X © RZ 2 and T7 2 = TQ 2 © RZ X . 

Definition 2.1. We say that a vector field is vertical if it is a section of V and horizontal 
if it is a section of TQ X © TQ 2 . The subbundles V and TQi © TC? 2 will be called vertical and 
horizontal respectively. 

Notice that da x (respectively da 2 ) is symplectic on the vector bundle TQ 2 (respectively 

rg 1 ). 

Example 2.2. Take (R 2h+2k+2 ,a u a 2 ) where «i , a 2 are the Darboux contact forms on 
R 2h+l and lR 2fe+1 respectively. 

This is also a local model for all contact pairs of type (h, k). Hence a contact pair manifold 
is locally the product of two contact manifolds [21 [5] . 

2.2. Contact pair structures. We recall now the notion of contact pair structure studied 
in|0|. 

Definition 2.3 ([6J). A contact pair structure on a manifold M is a triple (a±, a 2 , 0), where 
(cki, a 2 ) is a contact pair and a tensor field of type (1, 1) such that: 

(1) <p 2 = -Id + ai © Z x + a 2 © Z 2 , 0Zi = 4>Z 2 = 

where and Z 2 are the Reeb vector fields of («i, a 2 ). 

One can see that o = for % = 1, 2 and that the rank of is equal to dimM — 2 . 
Since we are also interested in the induced structures, we recall the following: 

Definition 2.4 Q6J). The endomorphism is said to be decomposable if 0(TJ r i ) C TJ^, for 
i = 1,2. 

The condition for to be decomposable is equivalent to (p{TQi) = TQi for z = 1, 2. 

If is decomposable, then (cti, Zi, 0) (respectively (a 2 , Z 2 , 0)) induces, on every leaf of T 2 
(respectively an almost contact structure (see e.g. [13]) consisting of a contact form, its 
Reeb vector field and a structure tensor, the restriction of to the leaf. 

On a manifold M endowed with a contact pair, there always exists a decomposable endo- 
morphism field satisfying ([1]) (see [6]). 

As a trivial example one can take two contact manifolds M i; i = 1, 2 with structure tensors 
(a«, 0j), and consider the contact pair structure (a±, a 2 , 0i © 2 ) on Mi x M 2 . In [7J we gave 
examples of contact pair structures with decomposable endomorphism which are not locally 
products. 

In what follows, on a manifold M endowed with a contact pair structure («i,a 2 ,0), we 
will consider the tensor fields defined by: 

N\X, Y) =[0, 0](X, Y) + 2da x (X, Y)Z X + 2da 2 (X, Y)Z 2 , 

N 2 (X,Y) =(£ 0xaj )(F) - {C4, Yai )(X), i = 1,2, 

h =~£z<f>, 
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for all X, Y G T(TM), where Z = Z\ + Z 2 and [0,0] is the Nijenhuis tensor of 0. The 
vanishing of N 1 gives exactly the normality of the pair |7], that is the integrability of the 
two almost complex structures ± (ai <E> Z 2 — a 2 ® Z\). In this case, by [H Equation (3.5)] 
we have the following: 

Proposition 2.5. If a contact pair structure (01,0:2, 0) with Reeb vector fields Z\ and Z 2 is 
normal, we have Nf = iVf = , Cz 1 (p = £z 2 = and then h = . 

2.3. Metric contact pairs. On manifolds endowed with contact pair structures it is natural 
to consider the following metrics: 

Definition 2.6 ([6]). Let (cti, a 2 , 0) be a contact pair structure on a manifold M, with Reeb 
vector fields Z\ and Z 2 . A Riemannian metric g on M is said to be: 

i) compatible if g(</>X, <f>Y) = g(X, Y) - a 1 (X)a 1 (Y) - a 2 (X)a 2 (Y) for all X, Y G T(TM), 

ii) associated if g(X, (f)Y) = (da\ + da 2 )(X,Y) and g(X,Zi) = Oj(X), for % = 1,2 and for 
all X,Y G r(TM). 

An associated metric is compatible, but the converse is not true. 

Definition 2.7 ([6]). A metric contact pair (MCP) on a manifold M is a four-tuple (ai, 02, 0, 
where (ai,a2,0) is a contact pair structure and g an associated metric with respect to it. 
The manifold M will be called an MCP manifold or simply an MCP. 

For an MCP (ai,a 2 ,<ft, g) the endomorphism field is decomposable if and only if the 
characteristic foliations T\,T 2 are orthogonal [6]. In this case (ai,<j),g) induces a metric 
contact structure on the leaves of Tj , for j ^ i . 

Using a standard polarization on the symplectic vector bundles TQi, one can see that for 
a given contact pair (ai, ct 2 ) there always exist a decomposable endomorphism field and a 
metric g such that (a±, a 2 , 0, g) is an MCP (see [6]). Moreover we have: 

Proposition 2.8. Let (a±, a 2 , 0, g) be an MCP with decomposable 0. Then we have: 
(2) Nl = iVf = 0. 

Proof. Since is decomposable, if A, Y are vector fields tangent to different foliations, we 
have dai(<j)X, Y) = dai(<pY, X) = 0, i = 1,2 . If X, Y are tangent to the same foliation T{ , 
because preserves the foliation, we have Nf(X,Y) = 0. Moreover, for j ^ i, the triple 
(atj, 0, g) restricted to the leaves of T{ is a metric contact structure and then it satisfies (J2J), 
which is a well known fact in metric contact geometry. □ 

Some other properties of MCP's are given by the following results: 

Theorem 2.9 ([6]). Let M be a manifold endowed with a contact pair structure (ai,a 2 ,(f>), 
with Reeb vector fields Zi,Z 2 . Let g be a metric compatible metric with the structure. Then 
we have: 

(1) g(Zi,X) =an{X) fori = 1,2 and for every X G Y{TM); 

(2) g(Z h Zj) = 8ij for i,j = 1, 2; 

(3) V ' ZiZj = for i,j = 1,2 (in particular the integral curves of the Reeb vector fields 
are geodesies); 

(4) the Reeb action is totally geodesic (i.e. the orbits are totally geodesic two-dimensional 
submanifolds). 
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Moreover, if g is an associated metric, then Cz.^ — if and only if Zi is Killing. 

In the normal case, by Proposition 12. 5[ an immediate consequence is: 

Corollary 2.10. If an MCP (ai,a 2 ,<p, g) is normal, the Reeb vector fields Z x and Z 2 are 
Killing. 

Now using the invariance of the aVs under the flow of Z = Z\ + Z 2 one can also prove the 
following: 

Proposition 2.11. Let (cti, a 2 , <p, g) be an MCP with Reeb vector fields Z\ and Z 2 . Then h 
vanishes if and only if Z is Killing. 

We end this section with a result from [8]: 

Theorem 2.12 (|8J). On an MCP manifold (M,cti,a 2 ,<f),g) with decomposable 4> the leaves 
of the characteristic foliations of the contact pair are orthogonal and minimal. 

As example, one can simply take the product of two metric contact manifolds. Here is an 
interesting example from [8] which shows that an MCP manifold is not always locally the 
product of two metric contact manifolds: 

Example 2.13. Let us consider the simply connected 6-dimensional nilpotent Lie group G 
with structure equations: 



where the Wj's form a basis for the cotangent space of G at the identity. Then (u\,u 2 ) 
together with the metric 



is a left invariant MCP of type (1, 1) on G. Note that the two characteristic foliations are 
orthogonal, and that their leaves, although minimal, are not totally geodesic. So the metric 
g is not locally a product. Since the structure constants of the group are rational, there 
exist lattices T such that G/T is compact. This MCP descends to all quotients G/T, and we 
obtain closed nilmanifolds carrying the same type of structure. Moreover one can see that 
these MCP structures are not normal, their Reeb vector fields are however Killing and hence 



3. The tensor h and the Levi-Civita connection for MCP's 

Here we show some properties of the tensor field h for MCP manifolds. We also prove 
some formulae concerning the Levi-Civita connection V for a metric associated to a contact 



duj3 = dujQ = , gL> 2 = uj 5 A oo e , 
dui = U3 A , du4 = u 3 A W5 , gL>5 = Auq , 




i=3 



h = 0. 



pair. 



3.1. The covariant derivative of 0. 
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Proposition 3.1. Let (ati, a 2 , <fi) be a contact pair structure together with a compatible metric 
g, and $ the two-form defined by $(X, Y) = g((pX,Y). Then the covariant derivative of 
is given by 

2g ((y X (f>)Y, W) = 3d$(X, Y, W) - 3d$(X, <j>Y, <j>W) + g {N\Y, W), (f>X) 

(3) 2 2 

+2j2{da t (<pY,X)a l (W) - da^W, X)a t (Y)) + ^ ct t (X)X 2 (y iy). 

1=1 8=1 

Proof. Applying the definition of the Levi-Civita connection to 2g (VjF, W) and using the 
formula for the exterior derivative of $ in terms of Lie brackets, we have: 

2g((Vx4>)Y,W) 
= 2g(V x ((f ) Y), W) + 2g(V x Y, <f>W) 

= X$(Y, W) + 4>Y ($(X, <PW) + oa(X)ai(W) j + W$(X, Y) 

2 

+ $([X, <PY],<PW) + <i X , <t>Y])on{W) - $([W, X],Y) — g(<j>[<f>Y, W],<j>X) 
»=i 

2 

- <Wi w])ai{x) - (j>w) + y$(iy x) 
i=i 

- </>jy ( $(x, ^y) + ^ a<(x) ai (y) ) - $([x, y], w) + $([#y x], </>y) 



i=i 



i=l i=l 



- gf([Y, W], <f>X) - $([y, W], X) + 0W], 0X) + #y], X) 

+ g (2da 1 (Y, W)Z 1 , <f>X) + g(2da 2 (Y, W)Z 2 , <f>X) 
3d$(X, F, W) - 3d$(X, 0y 0W) + g (N l (Y, W), <j>X) 

2 2 

+ 2 ^(cfai(0y X)au(W) - dai{<f)W, X)an(Y)) + ^ ai {X)N?{Y, W). 

i=l i=l 



□ 



Applying Proposition 13. II to a MCP with decomposable 0, we obtain: 

Corollary 3.2. For an MCP (ax, a 2 ,<p,g) with decomposable <fr, the covariant derivative of 
(p is given by 
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(4) 2s((v x 0)F,iy) = ^(x 1 (yiy),0x)+2^(rf« J (0y,x)« i (iy)- c /« i (0iy,x)a J (y)). 



i=i 
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Proof. For an MCP with decomposable we have Nf = iVf = by Proposition ^. 81 Moreover 
= dax + da 2 . Then © reduces to Q3J). □ 

Corollary 3.3. For an MCP with decomposable o,nd Reeb vector fields Z\ , Z 2 we have: 

V Zl = Vz 2 = 0. 

Proof. In flU), we put X = ^ for i = 1, 2, and we obtain o((V Zi 0)F, W) = 0. □ 

3.2. The tensor field h. When is decomposable so is the tensor field h, because for every 
X G r(TJ r i ) we have [Zj,X] G r(TJ r i ) for i, j = 1,2. In this case we have: 

h = hi © h 2 and = 0i © 2 , 

where li! (respectively 0i) is the endomorphism of TJ r 2 induced by h (respectively by 0) and 
vice-versa. We can now state the following results: 

Theorem 3.4. Let (cui, a 2 , 0, g) be an MCP with decomposable on a manifold M. Let 
Zi, Z 2 be the Reeb vector fields of («i, a 2 ) and Z = Z\ + Z 2 . Then we have: 

(a) £^i0 , ^■z 2 4 > > h > hi and h 2 are symmetric operators; 

(b) V X Z = -<f>X - 0hX for every X G T{TM); 

(c) ho0 + 0oh = O and \ o0j + i o hj = /or i = 1,2; 

(d) Trh = Trhi = Trh 2 = ; 

(ej ctj o h = Qij o hj — /or ever?/ i,j = 1, 2. 

To prove this we need the following: 

Lemma 3.5. Let (a±, a 2 , 0, g) be an MCP on a manifold M with Reeb vector fields Z\ and 
Z 2 . Then for every X G T(TM), Vx^i and Vx% 2 are both tangent to the kernels of aii and 
a 2 . 

Proof. Since V^-Zj = 0, it is enough to take X horizontal. Note also that ai(VxZ 2 ) = 
—a 2 (V xZi) and «i(Vx-Zi) = c* 2 (VxZ 2 ) = 0. Now 

ai(Vx^ 2 ) = g(V Z2 X + [X, Z 2 ],Z 1 ) = ai ([X, Z 2 \) + Z 2 a x [X) - g(X, V ' Z ,Z X ) = 

since dai(X, Z 2 ) = 0. □ 



Proof of Theorem \3.4 



(a) We want to show that g (X, {C Zj 4>)Y) = g ((C Zj <j>)X,Y), for j = 1,2. We prove the 
property for j = 1, since the other case is similar. For X — Z^ , i — 1, 2 we have 
g ((Czi<f>)Zi7 Y) — and g (Z iy (C Zl (j>)Y) = 0. The same holds for Y = Zi , i — 1,2. 
Then we have to prove the symmetry of £zi0 for X,Y tangent to kerai D kera 2 . By 
Corollary 13.31 we have V^0 = for i = 1, 2. For X, Y G ker a± fl ker a 2 , we have: 

g ((C Zl (f>)X, Y) =g {-V^xZr + 0(Vx^i), V) 
=ai(V^K) + a x {V X (j)Y) 

=a l (y Y <px) + a l (y <t>Y x) 

=g (X, {£ Zl <f>)Y), 
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where we have used that Z\ is orthogonal to X, Y G ker ot.\ fl ker a 2 and that for an MCP 
the tensors N"l and iVf vanish. It is clear that h is symmetric as well and after restriction 
this is also true for hi and I12. 
(b) By Corollary 13 .2\ for i = 1, 2, and for every X, Y G T(TM), we have: 

2g{(V x <f>)Z i ,Y) =g (N\Z U Y), <j>X) - 2da l (<f ) Y, X) 

=g {<p 2 [Z l ,Y]-<P{Z l ,<pYl<pX)-2da l {<pY,X) 

= -g (4>(£ Zi (f>)Y), <j>X) - 2da i (4>Y, X) 

2 

= -g((£ Zi <f>)Y),X) + (^^{{Cz^Y)^)) -2da i (<j ) Y,X) 

3=1 

= -g{(C z ^)Y,X)-2da i {(t ) Y,X). 

Then we obtain: 

2 2 

^9 {{VxfiZi, Y)=J2 (~ 2 9 H^Y, X) - 2da l (<pY, X)) 

i=\ i=l 

2 

= - 2 9 ((£z t <P)Y, X) - 2g(<pY, </>X) 

i=l 

2 2 

= - 2 Y 9 {{C Zi <f>)Y, X) - 2g(Y, X) + 2 £ Oi^Ja^) 



and then 



g{{V X (t>)Z, Y)=- g(h F, X) - ^X, F) + ]T ^(X^F) 

2 

= - g(hY, X) - g(X, Y) + (^(X)^, F) . 



Since the last equation is true for every X, Y G T(TM), this implies 

-0V^=(Vx0)^ = -hJf-A; + ai(Jf)Z 1 + a 2 (X)Z 2 . 
Applying <fi to the last equation and using Lemma 13.51 gives: 



V X Z = -<f>X - (phX + a l {V x Z)Z 1 + a 2 {V x Z)Z 2 = -<j)X - 0hX. 
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(c) For X, Y G Y(TM), by the symmetry of h and the formula Vj2 = — <f)X — <f)hX, we 
have: 

2g(X, <j>Y) =2(d ai + da 2 )(X, Y) 

2 

= J2(9^xZi,Y) - g(V Y Zi,X)) 

i=l 

=g(V x Z,Y)-g(V Y Z,X) 

= - g(<f>X, Y) + g((f>Y, X) — g((f)hX, Y) + g(<j)hY, X) 
= - g((f) hX, Y) + g{<j> hY,X) + 2g(X, <j>Y) 
=g(h ( j ) Y + ( j ) hY,X) + 2g(X, ( j ) Y), 

which implies that ho0 + 0oh = O. After restriction of h and to TT% for i — 1, 2, we 
obtain h, o0j + <p i o hj = 0. 

(d) Since the endomorphism h is symmetric, at every point p e M there exists an eigenbasis 
of T p M. Let V be an eigenvector relative to the eigenvalue A. Then, by (c), we have: 

\{4> P v) = -\(<f> P v), 

which means that —A is also an eigenvalue, relative to the eigenvector <p p V, and then 
the trace of h p vanishes for every p G M. Similarly we have Trhi = Trli2 = 0. 

(e) The last property follows easily from (c). 

□ 

Corollary 3.6. Let (ai, «2, 4>, g) be an MCP with decomposable <p and Reeb vector fields Z\ , 
Z2 ■ If the vector field Z = Zi + Z 2 is Killing, then we have 

V X Z = -<j)X. 

Proof. By Proposition 12.111 the vector field Z is Killing if and only if h = 0. Applying this 
to Theorem 13 .41 - (b). we get VjZ = — <pX. □ 

A special case is given when both Reeb vector fields are Killing. A first example of the 
latter situation concerns the non-normal MCP on the nilpotent Lie group G and its closed 
nilmanifolds G/Y described in Example 12.131 

One can also have Z\ Killing by choosing normal structures (see Corollary 12 . 1 0[) . Then 
here is a second example, with a normal MCP but where the manifold is not a product of 
two metric contact manifolds: 

Example 3.7. Let M = SL 2 be the universal covering of the identity component of the 
isometry group of the hyperbolic plane H 2 endowed with an invariant Sasakian structure 
(a,(f),g) (see [T7]) and N = M x M. It is well known that iV admits cocompact irreducible 
lattices Y (see [U])- This means that Y does not admit any subgroup of finite index which 
is a product of two lattices of M. The manifold N can be endowed with the product MCP 
structure and by the invariance of the structure by Y, the MCP descends to the quotient 
and is normal. Even if the local structure is like a product, globally the two characteristic 
foliations can be very interesting in the sense that both could have dense leaves. 
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4. Some curvature properties 



In this section, for a manifold M carrying an MCP (cti, a 2 , <p, g) with decomposable <f), we 
set Z = Z\ + Z 2 where Zx, Z 2 are the Reeb vector fields. We prove some properties of the 
curvature tensor and the Ricci curvature, which are analogous to those of metric contact 
structures (see e.g. [13]). As a consequence we prove the non-flatness of metrics associated 
to normal MCP's. This implies the non-existence of flat non-Kahler Vaisman manifolds. 

4.1. The curvature. We denote by R the curvature tensor of the metric g, and by Ric its 
Ricci curvature. 

Proposition 4.1. Let («i, a 2 , <f), g) be an MCP with decomposable <fi on a manifold M . Then: 



Proof. Corollary 13.31 implies V z{4>X) = 0(V^X). Using this and Theorems 12.91 and 13. 4[ we 
apply (f) to: 

RzxZ = Vz^xZ - Vx^zZ - V [z ,x]Z = Vz(-0X - 0hX) + <j>[Z,X\ + 0h[Z,X], 
and we obtain: 

(p(RzxZ) =Vz(X + hX) - ai(V z (X + hX))Z 1 - « 2 (V Z {X + hX))Z 2 - [Z,X] 
+a 1 ([Z, X])Z 1 + a 2 ([Z, X])Z 2 - h[Z, X] + ai (h[Z, X])Z 1 + a 2 (h[Z, X])Z 2 
= (V z h)X + VxZ + hVxZ 
= (V z h)X - 0X - 0hX + h(-0X - 0hX) 
=(V z h)X-0X + h 2 <j)X, 

which gives fl5]). 

To prove ([6]) we first remark that RzxZ is tangent to the kernels of a\ and a 2 . Then we 
have: 

R ZX Z = -<j) 2 RzxZ = <j) 2 X -<j)h 2 (j)X- 0((V Z h)X) = 2 X + h 2 X - 0((V Z h)X) . 

Using the previous expression and taking the difference RzxZ — (pi^Rz^xZ) gives (JBJ). □ 

Theorem 4.2. Let (ai,a 2 ,<p, g) be an MCP of type (h,k) with decomposable on a (2h + 
2k + 2) -dimensional manifold M. Then we have: 

(7) Ric(Z) = h + k-^Tih 2 . 

Moreover Ric(Z) = h + k if and only if Z is Killing. 

Proof. Denote by K(Z,X) the sectional curvature of the plane determined by {Z,X}. By 
using for X of unit length and orthogonal to Z\ and Z 2) and recalling that g(Z, Z) = 2, 
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(6) 



(5) 



(V z h)X = 0X - h 2 0X - R xz Z 
l - (R zx Z - ct>{R z ^x Z)) = <P 2 X + h 2 X. 



we obtain 



K{Z, X) + K(Z, <j>X) = --g (R zx Z - <P{R z<t>x Z),X) 

= -g^ 2 X + h 2 X,X) 
= l-g(h 2 X,X). 

Let {Zi, Z 2 , Xi, ■ • ■ ,X 2 h+2k} be a local 0-basis, that is an orthogonal basis for which the 
Xi have unit length and X 2i = 4>X 2i _i. Then, since K (Z, Z\ — Z 2 ) = 0, taking the sum 
Y2 2 ^ 2k K(Z, Xi) we obtain ([7]). Now Ric(Z) = h + k if and only if Trh 2 = 0. Because h 
is symmetric the trace of h 2 vanishes if and only if h = 0. Now use Proposition 12.111 to 
complete the proof. □ 

The following result generalizes to MCP's a theorem of Hatakeyama et al. [18] : 

Theorem 4.3. Let (ai,a 2 ,<f),g) be an MCP with decomposable <fi on a (2h + 2k + 2)- 

dimensional manifold M. Then Z is Killing if and only if for all the plane sections (Z,X) 
with X orthogonal to both Z\ and Z 2 , the value of the sectional curvature K(X,Z) is 1/2. 
Moreover in this case, for every Y we have: 

(8) R YZ Z = Y -a 1 (Y)Z 1 -a 2 (Y)Z 2 . 

Proof. If for all the plane sections (Z, X) with X orthogonal to Z\ and Z 2) we have K(X, Z) = 
1/2. Then Ric(Z) = h + k, and h = by Theorem O . 

Conversely, let h = 0. Using Vx2 = —(f>X, for X of unit length and orthogonal to Z\ and 
Z 2 , and recalling that V zZ = 0, we have 

2K(Z,X)=-g(R zx Z,X) 

= -g(V z VxZ-V [Z)X] Z,X) 

=g(V z <f>X-4>[Z,X],X) 

=g(<l>(VzX)-<l>[Z,X],X) 

=g^(y x Z+[Z,X\)-<f>[Z,X\,X) 

=g^(V x Z),X) 

=g(-<p 2 X,X) 

=1. 

To obtain (jSJ), we have just to set h = in (jSJ), apply (j> on both sides and observe that an 
easy computation gives g(RyzZ, Zi) = 0. □ 

4.2. Normal MCP's and Vaisman structures. By Proposition [231 f° r a normal contact 
pair the tensor h vanishes necessarily. Thus, by 0, we have: 

Corollary 4.4. A metric associated to a normal contact pair with decomposable endomor- 
phism cannot be flat. 

In particular this is true for normal MCP's of type (h, 0) which are nothing but non-Kahler 
Vaisman structures modulo constant rescaling of the metric [10J. For this case the previous 
Corollary can be stated as: 
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Theorem 4.5. The metric of a non-Kahler Vaisman manifold cannot be flat. 



Here compactness is not needed. However this result was known for closed manifolds. 
Indeed a Vaisman structure is a particular locally conformally Kahler (lcK) structure. Ac- 
cording to [12] (see also [TH1 Proposition 2.5]) a closed lcK manifold of constant curvature 
is necessary Kahler. Hence flat non-Kahler Vaisman structures do not exist on closed mani- 
folds. 

4.3. In complete analogy to the case of contact metric manifolds, we want to define two 
tensor fields that are useful for the calculations in the problem of finding metric contact pairs 
with curvature vanishing on the vertical subbundle. First observe that for a metric contact 
pair with decomposable 0, we have: 

2g({V x <f>)W, 4>Y) - 2g((Vx4>)4>W, Y) 

=g(N\W,(j)Y) - N\<pW,Y),(j)X) -2da l ((f) 2 Y,X)a 1 (W) -2da 2 ((f) 2 Y,X)a2(W) 

-2da l ((f) 2 W,X)a l (Y) - 2da 2 (<j) 2 W, X)ot 2 {Y) 

(9) =a 1 (Y)g([ ( j)W, Z 1 ] - <f>\W, Z x ), <j>X) + a 2 {Y)g{[(j>W, Z 2 ) - <f>[W, Z 2 ],<pX) 

+ a x (W)g([4>Y, Z x \ - <f>% Z X ],4>X) + a 2 (W)g([<f>Y, Z 2 \ - <f>[Y, Z 2 ], <j>X) 

+ 2da x (Y, X)a x (W) + 2da 2 (Y, X)a 2 (W) + 2da x (W, X)a x (Y) + 2da 2 {W, X)a 2 (Y) . 

Replacing W with (fiW in (P), we obtain the following: 

2g((V x <P)<pW, <f>Y) + 2g((V x <P)W, Y) - 2g(Y, (V x </»)(ai {W)Z X + a 2 {W)Z 2 )) 

(10) =a x (Y)g(-[W, Z x \ - 4>[4>W, Z x ],(f>X) + a 2 (Y)g(-[W, Z 2 \ - ^W, Z 2 ], <j>X) 

+ 2da 1 ((j)W,X)a l (Y) + 2da 2 ((j)W,X)a 2 (Y) . 

Taking X, Y, W horizontal in Q and in (1101) . we have: 

(11) <7((Vx0)W, <f>Y) = g((V x 4>)4>W, Y) . 

(12) g((V x <P)<pW, <f>Y) = -g((V x <f>)W, Y) . 
Using (4) with X, Y, W horizontal we get 

(13) <?((Vx0)Y, W) + g((V^W, W) = . 
For the curvature operator we have: 

Rxy Z = - V x (<f>Y + <p h Y) + Vy {<j>X + 4> h X) + </>[X, Y] + 4> h[X, Y] 
' ' ! ' = -{Vx4>)Y + (V Y <P)X - (V x <ph)Y + (Vx0h)V , 

which gives: 

(15) g(R zw X, Y) = -g(X, (V w <f>)Y) - g(W, (Vx0h)V) + g(W, (Vy0h)V) , 
or equivalent ly 

(16) g(R zx V, W) = -g(Y, (V x <f>)W) - g(X, (V Y 4>h)W) + g(X, (V w 0h)V) . 
Now we define the following tensors: 
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Definition 4.6. For X, Y, W G T(TM), set 

A(X, Y,W) = - g(Y, (V x <f>)W) + (Vx0)<W 

( j -^(r,(v^)W-^(^,(v^)^), 

5(X, Y, W) = — g(X, (Vy0h)WO + g(X, (V 0y 0h)0^) 

( N ' - g(4>X, (V y 0h)0W) - (V^h)W) . 

Taking X,Y,W horizontal and using (16), we obtain the following relation: 

A(X, Y, W) + B(X, Y, W) - B(X, W, Y) =g(R zx Y, W) - g(R zx <f>Y, <j>W) 

(19) + g{Rz4>x Y, 4>W) + g(Rz^x <f>Y, W) . 
The following lemma will be useful in the sequel: 

Lemma 4.7. For every X, Y, W horizontal, we have: 

A(X, Y } W) + B{X, Y, W) - B(X, W } Y) = -2g((V hX <j ) )Y } W) 
Proof. For X, Y, W horizontal, using ffTTj) . (1121) and (1131) we have: 

(20) A(X, Y, W) = — 2g{Y, (V x <f>)W) - 2g{Y, (V^^W) = . 

Also for X, Y, W horizontal, we calculate 

B(X, Y, W) = — g(X, (V y 0) h W + 0(Vy h)W) + g(X, ( V^y h)W - h( V^)W) 

- g{<f>X, ( Vy h)W - h{V Y (f>)W) - g(<j>X, (V^y) h W + 0(V^y h)W) 

{2l) =- g{X, (Vy0) h W) + g(X, h (PiV^W) 

+ g(<j>X, <P h(V Y <P)W) - g(<j>X, (V y0) h W) . 

Now, we have 

-g(4>hX, (X7^)W) =g({V 4>Y <l>)<l>hX,W) 

(22) =-g({V Y </>)hX,W) 

=g(hX, (Vy&W), 

where in the second line we used f 1 1 3 j) . and furthermore we also have 

-£(0X,(V^y0)hWO =g((V lf>Y ^X,hW) 

(23) =-g((V Y <P)X,hW) 

=g(X, (Vy0)hW), 

again using (TT31 . This in turn gives 

B(X,Y,W) = 2g(hX,(V Y 4>)W) , 
and putting all this together, we obtain 

A(X, Y, W) + B(X, Y, W) - B(X, W, Y) =2 5 (hX, (Vy</>)W) - 2 9 (hl, (V W <P)Y) 
( ] =-2g((V hX <P)Y,W). 

□ 
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Corollary 4.8. If the curvature of an MCP with decomposable satisfies Rxy Z\ = Rxy Z 2 = 
for all X, Y , then for all horizontal vector fields 

g((V hX 4 > )Y,W) = 0. 

Proof. The left hand side of the equation of Lemma 14.71 vanishes by the assumption on the 
curvature and by ffT9j) . □ 

5. Curvature vanishing on the vertical subbundle 

In this section we prove for MCP's the analogues of the results of the second named author 
on metric contact manifolds (TTJ [T2]. Recall that for a contact pair we defined the vertical 
subbundle as the subbundle V spanned by the Reeb vector fields Zi,Z 2 . We will say that an 
MCP has curvature vanishing on the vertical subbundle if the following condition is satisfied 
for all vector fields X, Y: 

Rxy Zi = , for i = 1 , 2 . 

The standard example of such a situation is the product of the unit tangent bundles of 
E h and E fc , since each of them is endowed with a metric contact structure with curvature 
vanishing along the corresponding Reeb vector field (see [12J). Actually Theorem 15.11 below 
says exactly that locally this is the only possibility. 

Before the statement of the theorem, we make some remarks. First, observe that a contact 
pair of type (0, 0) is in some sense trivial, because we would like to have an induced contact 
form on the leaves of at least one of the characteristic foliations. Moreover, if the manifold 
is endowed with an associated metric then it is flat and then locally isometric to E 2 . Since 
the forms composing the contact pair play a symmetric role, to exclude the former trivial 
case we only consider contact pairs of type (h, k) with h > 1. 

Theorem 5.1. Let M be a (2h + 2k + 2) -dimensional manifold endowed with a metric 
contact pair (aj., a 2 , 0, g) of type (h, k) (with h > 1) and decomposable 0. If the curvature of 
g vanishes on the vertical subbundle, then M is locally isometric to E /l+1 x§ /4 (4) xE fc+1 x§ fc (4) 
if k > 1 or to E h+1 x § ft (4) x E 1 if k = 0. 

Proof. We split the proof into several steps: 

a) We have seen that the decomposability of implies that h is also decomposable and we 
set = 0i © 02 an d h = hi © h 2 as in Section 13. 2[ If the curvature tensor R vanishes on the 
vertical subbundle, by (E]) we have h 2 = — 2 and then, since h is symmetric, for its rank we 
have rkh = rkh 2 = rk0 2 = rk0 = 2h + 2k. If X is an eigenvector of h corresponding to a 
non-zero eigenvalue A then it is orthogonal to the Reeb vector fields (which are 0-eigenvectors) 
and we have: 

X 2 g(X,X) = g(XX,XX) = g(hX,hX) =g(h 2 X,X) = -g(<p 2 X, X) = g(X, X). 

Thus the non-zero eigenvalues of h are ±1. By restriction the same is true for the eigenvalues 
of hi and h 2 . Moreover the (±l)-eigenspaces of h are direct sums of the (±l)-eigenspaces of 
hi and h 2 at every point. Also observe that (respectively <j>j) intertwines the eigenspaces 
corresponding to +1 and —1, because it anticommutes with h (respectively hj). 

Let [— l]i, [— 1]2, [—1] (respectively [+l]i, [+1]2> [+1]) be the (— l)-eigendistributions (re- 
spectively (+l)-eigendistributions) of hi, h 2 and h respectively. By the previous discussion 
we have [-1] = [-l] x © [-1] 2 and [+1] = [+l]i © [+1] 2 . 
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By Theorem 13 A\ we obtain 
(25) V x Z = 0, VX G [-1]. 

Moreover, the vanishing of R on the vertical subbundle implies that for every vector fields 
X, Y G [—1] (respectively [— 1]^-) we have: 

= R XY Z = -V [X>Y] Z = <j>[X, Y] +<f)h[X, Y] , 

which implies h(f>[X, Y] = <p[X,Y] and then (f>[X, Y] G [+1] (respectively [+l]j). Applying <fi 
to both sides of the equation gives 4> 2 [X, Y] G [—1] (respectively [— Calculating further 
we have 

<f) 2 [X, Y] = -[X, Y] + dax(X, Y)Zx + da 2 (X, Y)Z 2 = -[X, Y] . 

The last equation is clear if X, Y are tangent to different foliations, since in this case the 
doti vanish, and is easily deduced from the following observation when X, Y are tangent to 
the same foliation. In fact if X, Y are tangent to the same foliation, say T\ for example, we 
have da 2 (X, Y) = dai(X, Y) + da 2 (X, Y) = g(X, <pY) = since X G [—1] and intertwines 
the (±l)-eigenspaces. 

The same calculations give [X,Zi] G [—1] (respectively [— l]j) for every X G [—1] (re- 
spectively [— and [4>Y, Zi] G [—1] (respectively [— l]j) for every Y G [+1] (respectively 



-i], [-iL 



-i] 



In particular this implies that the distributions [— 
© RZi © RZ 2 and [-1] © RZ 1 © RZ 2 are integrable. 

b) According to the local model for contact pairs of type (h,k), on every point there exist 
local coordinates (uq, • ■ ■ ,u 2 k,Vo, ■ ■ ■ ,v 2 h) such that ■ • • , g^— span Kerai n Kerciai 

Z 2 (respectively 

d 

' du k 



and 



span Kera 2 PI Ker da 2 . By the integrability of [—1)2 



T]i (BRZi), these local coordinates can be chosen such that one also has that • ■ ■ — 



a a 

dv ' ' dv h 

Let us define the vector fields X, 



span [— 1] 2 © RZ 2 and 



span [— l]i 
_ a 



+ EJ=o fipSz, for I < i < k and Y s 



a 



+ 



v^ft f a 
2^g=o J> 



du k+1 1 Aup=OJiPdUpi iwi " - " - is dv h+a 

,,_ n jsq-Q^ for 1 < s < h, where the functions fi P , f sq are chosen in such a way that 
Xi G [+1)2 and Y s G [+l]i- In general those functions depend on all coordinates. It is clear 
that at every point of M, the X^s and Y" s 's form a basis for [+1)2 and [+l]i respectively. 
A direct calculation with local coordinates gives: 

d 



_d_ 

dv q 
_d_ 
•9% 
_d_ 



Xi 



Y s 



Y s 



, Xi 



e [-i] 2 

G[-l]i€ 

e[-i]K 

6[-l] 2 - 



RZ 2 , 0<p<k, 0<i<k 
RZi ,0<q<h,0<s<h 
RZi , 0<p<k, 0<s<h 
RZ 2 ,0<q<h,0<i<k 



and 

Then we have 
V, 



[X h Y s ] G [-1] © RZi 



-,Xi] 
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0. 



The assumption on the curvature implies R_s_ x Z = 0, < p < k, and we obtain 

(26) = V^_V Xi Z- V Xi V^_Z = -2V^<f)Xi. 

dup dup dup 

Since the g^-'s span [— 1)2 © IRZ2 and the connection is tensorial in the first argument, we 
have: 

(27) V^0X = O 
In a similar way we obtain the following formulae: 

y<t,Y r 4>y s = ,Vr, s , 

(28) V^y r = ,Vi,r, 

V^y r 0Xj = , Vz,r . 

These imply that the integral submanifolds of [—1] © M.Z1 © M.Z2 are totally geodesic and 
flat. 

A direct calculation with local coordinates shows that [Xi, Xj] is in [— 1)2 ©IRZ2. Differen- 
tiating g(Xi, Z) = along Xj we obtain g(V Xj Xi, Z) = 0. Interchanging i and j and taking 
the difference we get = g([Xi, Xj], Z) = g([Xi, Xj], Z 2 ) since [Xj,Xj] is orthogonal to Z\. 
This actually means that [Xi, Xj] is in [— 

Then we have 

= R XiXj Z = -2V Xi <t>Xj + 2V Xi (f>Xi , 

or equivalent ly 

(29) V Xl <j)X j = V Xj <j)X i . 
Similarly we obtain 

(30) VyMs = Vy fl 0F r . 

With similar calculations, using the fact that [Xj, Y r ] G [—1] © M.Z1 © M.Z%, we obtain 

(31) V X ^Y r = Vy r 0X. 

Equations f[2"9"j) - f[3"TT) can also be written as follows: 

ftXitXj] = -(V Xi <f>)Xj + (V Xj 0)X , 

(32) <j>%, Y s ] = -{WyA)Y s + (Vy fl 0)y r , 

4>[X t , Y r ] = -(V Xi (f>)Y r + (Vy»X . 

Using (J2"5j) and f[2"Tj) we obtain 

= Rx^x, Z = -V[ Xi ,<t,Xj]Z 

or equivalent ly 

<l>[X i ,(j>X j ] + <l>h[X i ,<j>X j ] = 0. 
Applying <ft and recalling that h[Xj, <j>Xj] is in the kernels of a.\ and a 2 , we get 

-[X u <j>Xj] + /iZx + vZ 2 = h[X, 0X,] , 

for some functions fx, v. 

Taking the scalar product with X; and using the symmetry of h, we obtain 

-g^Xi^X^Xi) = sQiX^X^X) = g([Xi,<t>X s \^Xi) = ^([X, 0X,-], X) , 
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and finally 

(33) g([X i ,4>X j ],X l ) = 0. 
Similarly we have 

g([X i ,4>X j },Y s )=g([Y r , ( t>Y s },X l )=0, 

(34) g([Y r , <pX 3 },X t ) = g([Y r , </>Xj], Y s ) = , 

g([(f>Y r , XilXt) = g([Y r , <j>Y s ],Y t ) = g([X u <j>Y r ],Y s ) = . 

c) Now we want to show that V^Jj G [+1] © RZi © MZ 2 . In fact, using Corollary 14.81 and 
(1271) we have 



= g ((V^X,, 0X) = -g ((/.(V^X,-), 0X) 

where we have used the fact that X; G kerc^ D ker a 2 - Since g{Xj, <pXi) = 0, we obtain: 

g(V Xi X i ,<l>Xi)=-g(X j ,V Xi <l>X l ) 

= -g(X j ,V <l> x l X i + [X i ,(f>X l ]) 

= -g(X„[X l , ( pX l ]) 

=0, 

where in the last equality we have used (|33|) . 

Similarly we obtain g(V</,y r Xj, X,) = and in turn g(VxXj, <f>Y r ) = 0. Therefore V xXj G 
[+1] © RZ 1 © MZ 2 as desired. 

d) We want to show that [+1] is integrable. For X,Y,W G [+1] we have: 

0=RxrZ = V x {-2(f>Y) + VY(2<f>X) + <l>[X,Y] + (f>h[X,Y] 
( "' J ' = - 2(Vx4>)Y + 2(V y 0)X - 0[X, F] - h0[X, F] . 

Taking the inner product with W and noting that 4>W is in [—1], we obtain 
(36) = g(<f>W,[X,Y]), 

which means that [X, Y] is orthogonal to [—1]. Now let Y G [+1] and X G [— 1]. By the 
integrability of [— 1], we have: 

=da l (X, <j)Y) 
/ 37 % =-da i (<f>X 1 Y) 

=^ ai ([<j>X,Y}) . 

Then the bracket of two vector fields in [+1] is also orthogonal to the vertical subbundle and 
this in turn implies that [+1] is integrable. 

e) Now we prove that [+1] is totally geodesic. To show this, we will prove that, for every 
Y G [+1] and every X orthogonal to [+1], VyX is orthogonal to [+1]. 

Let us start with Y G [+1] and X G [—1] and compute 

=RxyZ = —2Vx4>Y + 0[X, Y\ + 0h[X, Y] 
^ = - 2( Vx0)F - (j)VxY - 0VyX - h 0V x F + h 0VyX . 
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Taking the scalar product with W G [— 1], we obtain 
(39) 

= - 2g((V x <J))Y, W) - g^VxY, W) - 9 {<PV Y X, W) - g((f)V X Y, h W) + g(<j)V Y X, h W) 
= - 2g((Vx4>)Y, W) - 2g(4>V Y X, W) , 
which implies 

g({Vx<t>)Y, W) = -g{<f>V Y X, W) = g(V Y X, <j>W) . 

Since g((V X (f))Y, W) = by Corollary SSI we have VyX G [-1] © V. 
Next observe that for X, Y horizontal, we have: 

2g({V x <f>)Zi,Y) =g(N 1 (Z u Y)AX) -2da i (<j ) Y,X) 

=g(<f ) 2 iZ l ,Y} - <f,[Zi,<f>Y],<l>X) - 2da i (<pY,X) 

=g(-<f>(C Zi <f>)Y,<f>X)-2dai((l>Y,X) 

= -g{{C Zi <t>)Y,X)-2da i {<t>Y,X), 

then g((V x4>)Zi,Y) is symmetric in X and Y. 

Now for Y G [+1], X G [—1], taking the scalar product of fl38|) with Zi {i = 1, 2), we get: 

=g((V x 4>)Y, Zi) = g{(V Y <f>)X, Zi) 

(41) = - g((y Y <P)Z u X) = g{<t>V Y Z h X) 

= -g((V Y Zi,<f>X), 

which means that V Y Zi is orthogonal to [+1]. 

This implies that [+1] is totally geodesic and then, since [—1] © M.Z X © IRZ 2 is integrable 
with totally geodesic leaves, the manifold splits as a local Riemannian product. 

f) Using equation (jlj) and the integrability of [—1] © WLZi © M.Z 2 with totally geodesic leaves 
we have 

2g((V Xi d>)X j , Z 2 ) =g([Z 2 , <pX 3 ] - <f>[Z 2 , X^X,) + 2g[X 3 , X t ) 
=g([Z 2 ,X j ],<f>X i ) + 2g(X j ,X i ) 
=9(V Z2 X, - V Xj Z 2 , <pX t ) + 2g(X v X t ) 
( ] =-g(X j ,V Z2 <f>X i )+g(Z 2 ,V Xj( f>X i )+2g(X j ,X i ) 

=g(Z 2 ,V Xi <f>X j )+2g(X j ,X i ) 
=g(Z 2 ,(V Xi cj>)X :j )+2g(X j ,X i ) 

which gives 

(43) g((V Xi <j>)X j ,Z 2 ) = 2g(X i ,X j ). 

Using (14"3")) we obtain: 

g((V Xi <f>)X j ,Z 1 ) =g(V Xi <t>X j ,Z 1 ) 

= -g(<l>X ji Vx i Zi) 
m = ~ 9 ttXi, V Xi Z) + g (<j>X 3 , V Xi Z 2 ) 

=2g(X J ,X l )-g((V Xl <f ) )X J ,Z 2 ) 
=0 
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Equations flUJJ), (1441) and Corollary 14.81 then give for every X, Y G [+1]2 

(45) (Vx^Y = 2g(X,Y)Z 2 . 

Moreover (132|) implies [Xj,X,-] = and then [+1]2 is integrable. With a similar argument 
we see that [+l]i is also integrable. 

g) Set h 2 = \Cz 2 4>2i let L be a leaf of TT\ considered as a submanifold and X tangent to 
L. Let V be the induced connection, a the second fundamental form, A Zx the Weingarten 
operator in the direction Z\ and V the connection in the normal bundle. Then we have: 

V X Z = -<j)X - (j) h X = -(j) 2 X - 02 h 2 X 

V X Z = V x ^i + V X Z 2 = -A Zl X + V X Z 1 + V X Z 2 + cr{X, Z 2 ) . 
Comparing the previous equations we obtain 

A Zl X = <p 2 (h 2 X - h 2 X) = <f>(hX - h 2 X) 

V x Z l = -a{X,Z 2 ). 

Moreover it is clear that we have cr(Z 2 , Z 2 ) = and A Zl Z 2 = 0. 

We want to prove that h 2 = h 2 and this is equivalent to proving the vanishing of A Zl ■ To 
do this we will prove the vanishing of g(A Zl X, Y) for X, Y elements of the eigenbasis of h 
constructed before. 

First observe that 

g(A Zl X, Z 2 ) = g(<p(hX - h 2 X), Z 2 ) = , 

and then we have to prove our statement for X, Y horizontal. Also note that, by direct 
calculation, we have: 

g(A Zl( pX,Y)=g(A Zl X, ( f ) Y). 

Then it remains to prove that g(A Zl Xi, Xj) and g(A Zl <f)Xi, Xj) both vanish. 
For the first one: 

g{A Zx X i ,X j ) =g((f>(hX i -h 2 X i ),X j ) 
=g((f>(X i -h 2 X i ),X j ) 
=g(h 2 X i ,<i>X j ) 

( 46 ) =^(g([Z 2 ,4> 2 Xi] - <j) 2 [Z 2 ,Xi],(j) 2 Xj)) 

=\(g(\ 7 z 2 2 X, - V^Z,, faXj) - g(UZ 2 , X,), fcXj)) 

=\{jS^z,<hXu<hXj) -gdZ^XilXj)) 
=0, 

because [Z 2 ,Xi] is in [— 1] 2 + M.Z 2 and where we have used (1251) and (1271) . 

19 



Now we have: 

g(A Zl Xi, <f>Xj) =g(M^2 X, - h 2 X,), faXj) 

=g(X i -h 2 X i ,X j ) 

=g(X i ,X j )-g(h 2 X i ,X j ) 
1 



=g(X i ,X j ) - -g([Z 2 ,<j> 2 Xi] - <j> 2 [Z 2 , Xi], Xj) 

(4?) =9(X i ,X j ) - IgdZ^XiMiXj)) 

=g{X i ,X j ) - ^(V^i- VxX^fcXj)) 

=g(X i ,X j ) - ^(-g(X i ,V Z2 (l) 2 X :j )+g(Z 2 , (V x > 2 )^)) 
=0, 

where at the end we used (1261) and (HBT). 



h) To prove that [+1)2 is also totally geodesic, let us consider the operators Hi = ^C Zi 4>. 
Each Hi is symmetric by Theorem 3.4. From our observation above that h 2 = h 2 a simple 
direct computation shows that we have 

H 2 Xi = Xi and similarly H{Y r = Y r . 

This implies that H\Xi has no Y r or <pY r component. Thus since A Zl vanishes we have 

H\Xi = and similarly H 2 Yi = 0. 

Applying (|45|) . we obtain 

2g(X i ,X j )Z 2 = Vx^Xj - </>V Xi Xj , 
which, differentiating along Y r , gives: 

(48) 2(Y r g(X i , X 3 ))Z 2 + 2g(X h X 3 )V Yr Z 2 = V Yr V x >^ - (V Yr <P)V x X, - cj ) V Yr V x X J . 
Taking the scalar product with Z 2) we get 

(49) 2Y r g(X t , X 3 ) = g(V Y y x ^X^ Z 2 ) - g{{V Yr cj))V Xi X j} Z 2 ) . 
Now, applying (j3J), we obtain 

-g((v7 Yr <P)V x X v Z 2 ) =g(V x X v (V Yr <P)Z 2 ) 

= - g{<f>H 2 Vx i X j , <J)Y r ) - da^VxX,, Y r ) 

(50) =-g(H 2 V Xi X j ,Y r ) 

= -g{V Xi X h H 2 Y r ) 
=0. 

Applying (jlj) again we first note that by computing as we have been doing, the above 
properties of H\ and H 2 yield 

g((V Yr <P)X v Z{j = g((V Yr <P)X v Z 2 ) = 0. 
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Corollary 14.81 then gives (Vy r 0)X,- = and therefore by (j4j) 

g(v x y Yr <px v Z 2 ) =g((V Xi <P)V Y X v Z 2 ) 

(51) = + g{H 2 V Yr X 3 , + da 2 (^V Kr X i , X,) 

=2g(V Yr X J ,X i ). 

Equation (H9|) then becomes 

2Y r g(X i ,X j ) =g(V Y y x ^X„Z 2 ) 

(52) =g{R YrX ^X v Z 2 ) + giVxiVrJXj, Z 2 ) 

=2g(V Yr X J ,X t ) 

since [y r ,Xj] = by (|32|) . But, by the compatibility condition of the Levi-Civita connection 
we also have 

Y r g(Xi, Xj) = g{V Yr X h X,) + g(X h V Y X 3 ) . 
Comparing this with ( 15 2 p . gives 

g(V Y X u X j ) = 0, 
and in turn, again noting [Y r ,Xj] = 0, 

g{Y r ,V x .Xi) = 0. 

Since [+1] is totally geodesic, we also have g(V x Xi, (pY r ) = 0, therefore [+1]2 is totally 
geodesic. 



i) We rewrite f l4"5]) as follows 
(53) 2g(X i , Xj)Z 2 = (V X ^)X 3 = V Xi ct>X j - <PV X X, , 

and we want to apply V Xt to (1531 . We firstly need the following calculations: 

2g(X i ,X j ) =g({V Xi <f>)X j ,Z 2 ) 

= -g{X v {V Xi 4>)Z 2 ) 

[ ' =-g(X J ,-<p(V Xl Z 2 )) 

= -g( ( pX j ,V Xi Z 2 ) . 

and therefore 

g(V Xl Z 2 ,<t>X m ) = -2g{X h X m ). 
Applying V Xl to fl53|) we obtain 

2(X l g(X i , X j ))Z 2 + 2g(X i , X,)V Xl Z 2 = 
Vx^xJXj - (V Xl <f>)(V Xi Xj) - 0(V Xl V 'xtX,) . 

Taking the scalar product with <f)X m we get 

(55) - Ag^X^XuX^ = g(V Xl V Xi <pX 3 - 4>(V Xl V x .Xj),<f>X m ) , 

since ^((Vx ! 0)(V x X i ),0X m ) = by Corollary KB 
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j) Note that from Theorem 12.91 we know that the integral submanifolds of V are totally 
geodesic. Moreover we proved that [+l]i and [+1]2 are integrable and totally geodesic. We 
also know that [— l]i and [— 1)2 are integrable, totally geodesic and flat by (J27J) and (128|) . 
Then the manifold M splits locally as a Riemannian product of integrable submanifolds of 
V, [±l]i and [±1)2- To conclude the proof we exhibit the curvature. To do this interchange 
the role of Xi and Xj in f)55p and take the difference. Then we have 

-Ag{X h Xj)g(X u X m ) + Ag{X u X^Xt, X m ) = g{R XlX% <\>X 3 , <\>X m ) - g(R XlXl Xj, X m ). 

The first term on the right vanishes by the local Riemannian product structure and the 
second term then gives the desired value of the curvature. If h or k is equal to 1, the 
corresponding [+l]t subbundle is 1-dimensional and the leaves of the characteristic foliation 
are flat. 

□ 

Corollary 5.2. Let M be a (2h + 2k + 2) -dimensional manifold endowed with a metric 
contact pair (ax, ct2, (ft, g) of type (h,k) (with h > 1) and decomposable (j), and such that the 
curvature of g vanishes on the vertical subbundle. If M is complete, then its Riemannian 
universal covering is isometric to E h+1 x § h (4) x E k+1 x § fc (4) if k > 1 or E h+1 x § h (4) x E 1 
if k = 0. R is to be understood that when h (or k) is equal to 1, the §> h (4) factor will just 
contribute another line to the Euclidean factor. 

Proof. The Riemannian universal covering M is locally isometric to M and then by Theorem 
ETJis locally isometric to E h+1 x § /l (4) x E fc+1 x § fc (4) if k > 1 or to E h+1 x § /l (4) x E 1 if 
k = 0. Then one concludes by applying the de Rham Decomposition Theorem. □ 

Corollary 5.3. Let M be a (2h + 2k + 2) -dimensional manifold endowed with a metric 
contact pair (ai,«2,0, g) of type (h,k) (with h > 1) and decomposable <fi. If g is flat then 
h,k<l. 
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